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Abstract 
In this paper we give some characterizations of (s, C, a)-, (s2, s x 0, a’)- and (So, grn, UT”,- 
manifold triples under the stability condition. As an application we show that if M is a com- 
pact PL n-manifold (n > 1, n # 4 and 3M = 8 for n = 5) and ‘ft(M) is an ANR, 
then (R(M)*, XLIP(M)*, R’“(M)) is an (s, C, u)-manifold triple, where a(M) (3tLIP(A4) or 
XPL(M)) is the group of (Lipschitz or PL) homeomorphisms of A4 with the compact-open topol- 
ogy and X(M) * (‘MC”‘) (M)‘) is the subgroup consisting of (Lipschitz) homeomorphisms approx- 
imated by PL-homeomorphisms. We also show that a triple of homeomorphism groups of the real 
line is an (So, c?, af”)-manifold triple. 0 1997 Elsevier Science B.V. 
Keywords: Infinite-dimensional manifold; Strong universality; Stability; (s, C, a)-manifold triple; 
Homeomorphism group 
AMS classi$cation: 57N20; 57N05 
1. Introduction 
A (topological) E-manifold is a space X which is locally homeomorphic to E. Infinite- 
dimensional manifold theory is mainly concerned with the manifolds modeled on the 
following spaces: Q = [-co,oo]O” (the Hilbert cube), s = (--00,03)~, C = {(z~) E 
s: supn /z,] < c~} and cr = { (1~~) E s: 2, = 0 except for finitely many n 3 l}. In this 
paper we will study various tuples of infinite-dimensional manifolds. Let (E, El, . . , El) 
be a model (1 + 1)-tuple of a space E and subspaces El > ... > El. An (I + I)- 
tuple (X, Xi, . . , Xz) is called an (E, El,. . , Ez)-manifold (I + I)-tuple (or simply an 
(E, EI , . . , El)-manifold) if each point of X has an open neighborhood U and an open 
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embedding h : U + E such that h(U n X,) = h(U) n E, (1 < i < I). In [5] and 
]241, (s, c)- (or (s, c+) manifold pairs are characterized in the term of (fd) cap sets 
and absorbers, respectively. In [21] (s, C, )- cr manifold triples are investigated and some 
characterizations are given in terms of (cap, fd cap)-pairs. In [2,7,8], etc., developed is 
a more general theory of the absorbers and the strong universality for classes of (I + l)- 
tuples, which yields some characterizations of infinite-dimensional manifold (I+ 1)-tuples. 
Main sources of infinite-dimensional manifolds are various spaces of functions, em- 
beddings and homeomorphisms. Suppose M’” is a compact PL n-manifold, n 3 1, 
n # 4 and aM = 8 for n = 5, and let ‘H(M) be the homeomorphism group of M 
with the compact-open topology, xLIP(jU) and ZpL( M) be the subgroups consisting 
of Lipschitz homeomorphisms and PL-homeomorphisms, respectively. Let 31(M)* be 
the closure of ‘?tPL(M) in ?-l(bf) and %L’p(IcJ)* = ‘H(M)* n TLLIP(M). It is known 
that ‘U(M)* is a union of some components of 31(M), and if ‘H(M) is an ANR then 
the pair (x(&f)*, ‘HP”(M)) IS an (.s:Q)-manifold pair [12] and (‘JV(M),‘H~‘~(M)) is an 
(s, C)-manifold pair [20]. In [20] it is really shown that the triple satisfies the stability 
(T-l(M) x s,‘H~‘~(M) x C,3tpL(M) x o) g (Y~(M),~-~~~P(M), z~“(M)) 
(i.e., there exists a homeomorphism h : X(M) x s + ‘H(M) such that Iz(‘H~‘~(M) x _‘) = 
?-lL’P(M) and h(‘NpL(M) x CT) = ItlpL(M)) and is proposed the conjecture that 
(Z(M)*, XL”(M)*, 7-lpL(M)) 1s an (s, C, a)-manifold triple (assuming that R(M) is 
an ANR). Motivated by this problem, in this paper we assume the stability property and 
under this condition we give a simple characterization of (s, St, . . , St)-manifolds, where 
each S’i is a linear subspace of s and (s, SI , . . , Sl) has infinite (s, St, . . . , Sl)-coordinates 
in itself (see Section 2.2). First we show that every (1+ I)-tuple with the (s, S1, . . . , Sl)- 
factor is strongly universal for a class M = M(s, 5’1, . . , 57~). The characterization is 
given in terms of the stability and the class M, and is proved by the uniqueness of 
strongly M-universal (1 + 1)-tuples [2,7,8]. For the triples (s, C, cr), (s*, s x 0, g*) and 
(soo,~io, a?), we can identify the class M and obtain the following simple characteri- 
zations of manifold triples modeled on these triples, where 
f3f” = { (cc~)~ E c?: 2, = 0 except for finitely many n 3 l}. 
Theorem 1.1. A triple (X, X1, X 2 1s an (s, C, a)-manifold triple iff ) 
(i) X is a separable completely metrizable ANR, X1 is o-compact, X2 is o-fd-compact 
and X2 has the homotopy negligible complement in X, 
(ii) (Stability) (X x s, XI x C, X2 x g) ” (X,X,, X2). 
Theorem 1.2. A triple (X, XI, X2) is an (s2, s x u, a’)-manifold triple ifs 
(i) X is a separable completely metrizable ANR, X1 is an F,-subset of X, X2 is 
a-fd-compact and X2 has the homotopy negligible complement in X, 
(ii) (Stability) (X x s2, X1 x s x o, X2 x CT’) ” (X,X,, X2). 
Theorem 1.3. A triple (X, X1, X2) is an (s”, cm, ay)-manifold triple iff 
(i) X is a separable completely metrizable ANR, XI is an Fu&-subset of X, X2 is 
a-fd-compact and X2 has the homotopy negligible complement in X. 
7: Yagasaki / Topology and its Applications 76 (1997) 261-281 263 
(ii) (Stability) (X x sDo, XI x 60°, X2 x 07) ” (X, XI, X2). 
Here a space is said to be a-(fd)-compact if it is a countable union of (finite dimen- 
sional) compact subsets. Combining Theorem 1.1 with the results of [20] and [ 121, we 
can prove the conjecture about the homeomorphism group triple. 
Corollary 1.4 (cf. [20, Theorem 2.31). If M” is a compact (Euclidean) PL n-manz~old, 
n > 1, n # 4 and aM = 8 for n = 5, and R(M) is an ANR, then the triple 
(‘?-l(M)*, FILtP(M)*, ‘UpL(M)) is an (s, C, a)-manifold triple. 
It is known that Z(X) is an ANR for any compact polyhedron X of dim < 2 [14,16]. 
In this case we have 
Corollary 1.5 (cf. [20, Theorem 2.41). If X is a compact Euclidean polyhedron with 
dimX = 1 or 2. then the triple (Z(X), ?lL”(X), IHpL(X)) is an (s, C, a)-manifold 
triple. 
Corollary 1.4 follows from Theorem 1.1, [20, Theorems 1.1, 2.31 and [ 123. Corollary 
1.5 follows from Theorem 1.1 and [20, Theorems 1.1, 2.41. 
An example of an (s2, s x g, a’)-manifold triple is obtained by applying Theorem 
1.2 to a group of homeomorphisms which are PL on a subpolyhedron (Section 3.2). 
We also show the (So, urn, +)-stability of the homeomorphism groups of noncompact 
polyhedra. This enables us to apply Theorem 1.3 to the triple (3-1+(R), 7fyL(Iw), fi%(Iw)) 
of the group of orientation preserving homeomorphisms of the real line Iw = (-00, KJ) 
and the subgroups of orientation preserving PL-homeomorphisms and ones with compact 
supports. Thus we can obtain the following: 
Corollary 1.6. (‘H+(R), ‘Hi, 7$“(R)) Z (P, F, a?). 
In the forthcoming papers [22,25] we will continue the study of the homeomorphism 
groups of noncompact 2-manifolds and the spaces of embeddings into 2-manifolds. In 
[22] we induce a similar characterization of (soo, CO”, CT)-manifold triples. We con- 
clude this section by some remarks. The next Section 2 is devoted to a general theory 
of (s, s,, . . . ) Sl)-manifolds. The proofs of Theorems 1.1-1.3 and Corollary 1.6 will be 
given in Section 3. Throughout the paper, spaces are assumed to be separable metrizuble 
and maps to be continuous. The notations Fr A, Int A and cl A denote the topological 
frontier; interior and closure of a subset A c X. Let U and V be open covers in a space 
Y. We write 2.4 < V when U refines V. We say that two maps f, g : X + Y are U-close 
and write (f, g) < 24 if for each z E X there exists a U E U such that f(x), g(z) E U. 
Recall that a map f : (X, d) + (Y, p) between metric spaces is Lipschitz if there 
exists K 3 1 such that p(f(zl),f(~)) < Kd( 21,~) (~1, ~2 E X). A Lipschitz home- 
omorphism is a homeomorphism f such that both f and f-l are Lipschitz. A Lips- 
chitz. embedding is a Lipschitz homeomorphism onto its image. For Euclidean poly- 
hedra X and Y, let (i) (Z(X),3cL’p(X),ZpL(X)) denote the triple of the group of 
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homeomorphisms of X and the subgroups of Lipschitz homeomorphisms and PL 
homeomorphisms, (ii) (E(X, Y), ELTP(X, Y), EPL(X, Y)) denote the triple of the space of 
embeddings of X into Y and subspaces of Lipschitz embeddings and PL embeddings and 
(iii) (C(X, Y), C L’p(X, Y), CpL(X, Y)) denote the triple of the space of continuous maps 
from X to Y and the subspaces of Lipschitz maps and PL maps. These spaces are assigned 
the compuct-open topology. Finally W denotes the set of positive integers. We refer to 
[3,6,18] for basic results in infinite-dimensional topology. We will use fundamental facts 
on s-manifolds without any references. 
2. (s, s,, . . , $)-manifolds 
2.1. Preliminaries on the strong universality. 
In this subsection we summarize some known facts on the strong universality [2,7,8]. 
First we recall some basic notions. A closed subset A of X is said to be a Z-set if 
any map f : Q + Y can be approximated arbitrarily closely by a map g : Q + X \ A. 
A countable union of Z-sets is called a a-Z-set. We say that a closed subset A of X is 
a strong Z-set if for every open cover V of X there exists a map f : X + X such that 
(f,id) < V and elf(X) TI A = 8. E very Z-set of an s-manifold is a strong Z-set [ 131. 
When we work in an ambient (1 + 1)-tuple (X, Xi, . . , Xl), to simplify the nota- 
tions, we denote (A, A n XI,. . , A n Xl) by (A, A,, . . , At) for any subset A of X. 
A class (or a property) M of (1 + I)-tuples of spaces is said to be (i) topological if 
(Y, Yt, . , K) g (X, XI,. . . . Xl) E M implies (Y, x, . . ,x) E M, (ii) open (respec- 
tively closed) hereditary (when the ambient space is an ANR) if (A, Al,. . , At) E M 
for any (X, Xi, . . , Xl) E M (such that X is an ANR) and any open (respec- 
tively closed) subset A of X, (iii) (finitely, locally finitely or countably) open (re- 
spectively closed) additive if (X, XI, . . , Xl) E M whenever there exists a (finite, 
locally finite or countable) open (respectively closed) covering 24 of X such that 
(4 AI,. ‘. , At) E M for every A E U, (iv) local (when the ambient space is an ANR) 
if (X,X,,... , Xl) E M whenever each point of X has a (not necessarily open) neigh- 
borhood U such that (U, Ur , . . , Ul) E M (and X is an ANR), (v) jmite productive if 
(XxY,X,xY I,... ,X1 x K) E M for any (X, Xl,. . . , Xl), (Y, Yr,. , y1) E M. 
An (1 + 1)-tuple (Y, Yi, . . , Yl) is said to be strongly M-universal [7,8] if for every 
(X,~I,...&) EM, every closed subset K of X, every map f : X + Y such that fly 
is a Z-embedding and (fj~)-‘(Yi) = K nXi (1 < i < 1) and every open cover V of Y, 
there exists a Z-embeddingg:X + Y such that glK = flK,g-‘(Y,) = Xi (1 < i < Z) 
and (f, g) < V. A tuple (Y, Yt , . . , Yl) is said to be strongly* M-universal [2] if given 
f : X + Y, K and V such that fly is a Z-embedding, there exists a Z-embedding 
g:X+Ys UC t a g K = f\~, y-‘(Yi) \ K = Xi \ K (1 < i < I) and (f,g) < V. h ht 1 
The next lemma shows that the strong (*I M-universality is a local property. 
Lemma 2.1. If M is closed hereditary, then the strong(*) M-universality is (1) open 
hereditary and (2) local when the ambient space is an ANR. 
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Proof. Let (Y, Yt , . . , I$) be an (I+ 1)-tuple and let SY(= S(,,;,...,,,) be the collection 
of open subsets V of Y such that (Y, Y,, . . , I$) satisfies the strong(*) M-universality 
condition only for any maps f : X + Y with cly f(X) c V. Then (Y, Yt , . . , K) is 
strongly(*) M-universal iff Y E Sy. Below we assume that Y is an ANR. It suffices to 
show the following assertions: 
(i) if U E SY and V is an open subset of U, then V E Sy, 
(ii) if U, V E Sy, then U U V E Sy, 
(iii) if U c Sy is discrete in Y, then UU E Sy. 
(iv) if V is an open subset of Y and cly V c U C Y then V E SY iff V E 
S(rJ,U,; . . . . UL). 
In fact, if y E Y has a (not necessarily open) neighborhood U E S(~,~,,...,~z~, then by 
(i) and (iv) y has an open neighborhood V E Sy and hence (2) follows from Michael’s 
theorem [17, Theorem 3.61. If Y E Sy and U c Y is open, then by (i) and (iv) each 
y E U has an open neighborhood V E Su and (1) also follows from Michael’s theorem. 
Since (i), (iii) and (iv) are easily verified, we will prove (ii). Suppose (X, XI, . . , Xl) E 
M, K c X, f : X + Y with cly f(X) c U U V and any open cover 2.4 of Y are given. 
We can find closed subsets A, B of X such that X = A U B and cly f(A) c U, 
cly f(B) c V. 
Claim 2.2. For every open cover V of Y there exists a map h : X + Y such that (a) 
(h, f) < V, cly h(A) c U andcly h(B) c V and(b) hlK = fly and hlA,,K : AUK + 
Y is a Z-embedding with (~IA,,K)-‘@$) = (A U K) n X,. 
Proof. Choose closed subsets F, H of Y such that cly f(A) c Int F, F c U and 
cly f(B) c Int H, H c V. Let W be a common refinement of open covers V, {Y \ 
cly f(A), Int F} and {Y \ cly f(B), Int H}. Let C = f-‘(F). Since U E Sy and Y is 
an ANR, we have a W-homotopy Ht : C + Y such that Ho = f Ic, Ht = f on C n K 
and HI : C -+ Y is a Z-embedding with H,-‘(Yi) = CnXi. Since H,(A) c Int F (0 < 
t < 1) by the choice of W, there exists an open subset W of X such that A c W c C 
and H,(W) c Int F (0 < t < 1). Take a map cy: C + [0, l] such that o(C \ W) = 0 
and a(A) = 1. The required map h: X + Y is defined by h(z) = H,(,)(s) (z E C) 
and h = f on X \ C. Since (f, h) < W, the condition (a) follows from the choice of 
W. The injectivity of hIAUK follows from the facts: h = HI on (A U K) n C, h = f 
on K, h(A) c F and h(K \ C) c Y \ F. 0 
Take an open cover V of Y such that StV < U and let h be given by the claim. 
Applying the claim again with replacing f, K, A and U by h, A U K, B and V, we 
obtain the required Z-embedding g : X + Y. 0 
Below we assume that M is a class of (I + 1)-tuples which is topological, closed 
hereditary and jinitely closed additive. Consider the following conditions on (1 + l)- 
tuples (X,Xi,...,Xl): 
(I-1) (X, X,) . . , Xl) is strongly M-universal, 
(I-2) there exist Z-sets 2, (n 2 1) of X such that (i) Xt c U, 2, and (ii) (&, 2, n 
XI,..., Z,nXl) EM (n> 1). 
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When the ambient space X is an ANR, these conditions are open hereditary and local. 
To see this for the condition (I-2), note that M is closed hereditary and every open set 
in X is F,. 
Theorem 2.3 (Uniqueness) ([7, Theorem 2.11, [8, Theorem 2.21). ZfE is an s-manifold 
and (I+ l)-tuples (E, XI, . , Xl) and (E, Y, , . : Yl) satisfy (I-l) and (I-2), then for any 
open cover U of E there exists a homeomorphism f : (E, X1, . . , Xl) + (E, Yi, . . , x) 
with (f, idE) < ZA. 
Since homotopy equivalent s-manifolds are homeomorphic and any fine homotopy 
equivalence between s-manifolds can be approximated by homeomorphisms, by Theo- 
rem 2.3 we have the following characterization and uniqueness results on (s, 5’1,. . , Sl)- 
manifold tuples. 
Corollary 2.4. Suppose un (1 + l)-tc~ple (s, 5’1,. . . ! Si) satisjes the conditions (I- 1,2). 
(1) (Characterization) An (1 + l)-tuple (X, Xl,. . , XL) is an (s, SI, . . , Sl)-manifold 
ifsX is un s-manifold and (X, Xl,. . , Xl) satis~es (I-1,2). 
(2) (Uniqueness) Suppose (X,X,, . ,Xl) and (Y, x,. . . ,x) are (s, 5’1,. . , Sl)- 
manifolds. 
(i) (Homotopy Invariance) (X,X,, . . ,Xl) ” (Y, Y,, . ,x) ifsX 2 Y (homotopy 
equivalent). In particular; (X, XI > . . , Xl) ” (s, S, : . . , Sl) ifs X N * (contractible), 
(ii) (Approximation) lf f : X + Y is ufine homotopy equivalence, then for any open 
cover U of Y there exists a homeomorphism g : (X. Xl,. . . , Xl) + (Y, Yl , . . , x) such 
that (f, g) < U. 
(3) (Stability) If (s*, Sf, . . , S,‘) ” (s, 5’1, . . , S,), then for any (s, 5’1, . . . , Sl)-muni- 
fold (X,X,, . . , XL), the projection T : (X x s, XI x 5’1, . . , Xl x St) + (X, XI, . . . , Xl) 
can be approximated by homeomorphisms, hence the stability holds. 
We say that a subset A of X has the homotopy negligible (h.n.) complement if there 
exists a homotopy 4: X x [0, l] + X such that 40 = idx and &(X) C A (0 < t < 1). 
If X1 has the h.n. complement in an ANR X, then X1 satisfies (I-2-i) iff XI is a a-Z-set 
of XI itself. This follows from the following fact. 
Fact 2.5. Suppose X is an ANR and a subset A hus the h.n. complement in X. 
(i) If B is a Z-set of X then Bn A is a Z-set of A and A\ B has the h.n. complement 
in X. 
(ii) 1f C is a Z-set of A then cl C is a Z-set of X. 
2.2. A characterization under the stuhility 
In this subsection we will give a characterization of (s, S,, . . . , Sl)-manifolds based 
upon the stability property. Some examples are included in Section 3. First we will list 
a collection of conditions on (s, 5’1, . . , So which implies the strong universality of 
(s, SI , . f . , S). 
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For A c N we set c(A) = N \ A, 
s(A) = n (-00, ~1 
kEA 
and let ?rA : s + s(A) denote the projection. For a subset S of s let S(A) = TA (S) C 
s(A). Throughout Sections 2.2-2.3 we assume that the model (Z+ 1)-tuple (s, 5’1, . . . , Sl) 
satisfies the following conditions: 
(II-l) each Si is a linear subspace of s and Sr is a a-Z-set of St itself, 
(11-2) Sl has the h.n. complement in s, 
(11-3) (Infinite coordinates) there exists a sequence A, (n 3 1) of disjoint infinite 
subsets of N such that for each i = 1,. . , I and n > 1 (a) min A, > 72, (b) Si = 
$(A,) x S(c(A,)) and (c) (~(&),SI(&), . . ,5(h)) 2 (~,SI,. . ,%I. 
Remark 2.6. From the iteration of (11-3-b) and (11-3-c) it follows that (i) S, = $(A,) x 
. x Si(A,) x Si(c(Uz=, Ak)) and so (ii) (s, St,. . . , Sl) has the (sn, SY_, . . , S,“)-factor 
foreachn> 1.(Tosee(i),notethatwhenW==AxA’=C’xC~X~Y~Z, 
whereA~X,A’CYxZ,C’~XxYandCcZ,wehave(a)if(a,b,c)EW 
then (a’, b, c’) E IV for any a’ E A and c’ E C and (b) W = A x B x C, where 
B = {b E Y: (a, b, c) E W for some/any a E A and c E C}.) 
Let M 3 M(s, 5’1,. . . , 5’~) denote the class of (I + 1)-tuples (X, Xl,. . . , Xl) which 
has a closed embedding h : X + s such that h-l (Si) = Xi (1 6 i < I). The class M is 
obviously topological and closed hereditary. By Remark 2.6(ii), M is finite productive 
and we can take the closed embedding h in the definition of the class M to be a 
Z-embedding (consider the inclusion s x (0) C s2). The next lemma shows that M is 
also finitely closed additive and local. 
Lemma 2.7. M is (i) open hereditary, (ii) local and (iii) locally$nitely closed additive. 
Proof. We will show that (a) M is finite closed additive. Then, since M is (b) closed 
hereditary and obviously (c) additive with respect to countable disjoint open covers, 
(ii) follows form Michael’s theorem on F-hereditary property [ 17, Theorem 5.51. In turn, 
(i) follows from (b) and (ii), and (iii) follows from (a) and (ii). 
To see (a), suppose X = A U B, A and B are closed in X and (A, Al,. . . , Al), 
(B, Bl, . . . , Bl) E M. Take closed embeddings f : A + s and g : B + s such that 
f-‘(S) = Ai d an f-‘(S) = Bi. Since s is an AR and Sl has the h.n. complement in s, 
we can extend f and g to maps f, 3 : X -+ s such that J(X \A), 5(X\ B) c 5’~. Take any 
u E Sl\{O} andamapcr:X + (-CQ,OO) suchthato(AnB) =O,cr(A\B) c (-m,O) 
and cx(B\A) c (0, CG). Then the map h :X + s3 defined by h(z) = (f(z), g(z), cx(x)~) 
is a closed embedding such that h-‘(S,“) = Xi (1 < i 6 I). Since (s, St,. . , Sl) has 
the (s3, Sf, . , S:)-factor by Remark 2.6, this implies that (X, Xl,. . , Xl) E M. 0 
In Section 2.3 we will prove the next proposition, which shows that the conditions (H-2) 
and (11-3) imply the strong M-universality of every (Z+ 1)-tuple with the (s, St, . . , Sl)- 
factor. 
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Proposition 2.8. g (Y, v , . . , Yt) is an (1+ I)-tuple such that Y is a completely metriz- 
able ANR and Yt hus the h.n. complement in Y, then (Y x s, Yl x ,571,. . . , Yt x St) is 
strongly* M-universal. 
The (l+l)-tuple (s, 5’1,. . . , St) satisfies the condition (I- 1) for the class M by Proposi- 
tion 2.8, and the condition (I-2) by (11-l) and Fact 2.5. (The condition (II-2-ii) is satisfied 
automatically by the definition of M .) Therefore by Corollary 2.4 we have the following 
characterization and fundamental properties of (s, SI i . , Sl)-manifolds. 
Theorem 2.9. An (I + I)-tuple (X, Xi,. . . . Xl) is an (s, S1, . . . , St)-manifold ifl 
(i) X is a completely metrizable ANR and Xt bus the h.n. complement in X, 
(ii) (X, XI, . . . ,Xz) E M(s,s~....,Sz), 
(iii) (Stability) (X x s, X1 x S1, , Xt x St) 2 (X,X,, . ,Xt). 
Proof. (Sufficiency) Suppose (X, Xi, . . . , Xl) satisfies the conditions (i)-(iii). It follows 
that (a) X is an s-manifold by (i) and (iii) [23] and (b) (X,X,,. . , Xl) satisfies (I-l) 
by (i), (iii) and Proposition 2.8, and (I-2-i) by (II-1,2) and (iii). Since M is closed 
hereditary, the condition (I-2-ii) follows automatically from (ii). Hence (X, XI, . . , Xt) 
is an (s, Si,. . , Sr)-manifold by Corollary 2.4( 1). 
(Necessity) Suppose (X, Xi, . . . , Xt) is an (s! 5’1,. . , Si)-manifold. The condition (i) 
follows from (11-2) since the homotopy negligibility is a local property, and the condition 
(ii) follows from (c) (s, S,, . . . , St) E M and (d) M is local (Lemma 2.7). For the con- 
dition (iii), by Corollary 2.4(2-i) it suffices to show that (X x s, X1 x Si, . . , Xl x Si) 
satisfies the conditions (I-1,2) and hence it is an (s: Si, . . , Sl)-manifold. The condi- 
tion (I-l) follows from (i) and Proposition 2.8, and (I-2-i) from (II-l). For (I-2-ii) note 
that (X x s, X1 x S,, , . , Xl x Sl) t M by (ii) since M is finite productive and 
(6 8, . . . ,S~)EM. 0 
Corollary 2.10. Suppose (X, XI,. , Xt) and (Y,YI, . . , I$) are (s, SI, . . . , St)-mani- 
folds. 
(1) (Homotopy Invariance) (X,X,, . . . ,Xt) ” (Y,x,. . .,x) isfX = Y. 
(2) (Approximation) Any fine homotopy equivalence f : X 3 Y can be approximated 
by homeomorphisms g : (X, X1, . , Xt) + (Y, Yl , . , x). In particular; the projection 
7rx:(X x s,x, x s ,,..., xt x St) +(X,X I,... , Xl) can be upproximated by home- 
omorphismsh:(Xxs,XIxSI ,..., XtxSt)+(X,X1,..., Xl). 
(3) (Strong universality) Every (s, Sl , . . , St)-manifold is strongly+ M-universal. 
Proof. The statements (l), (2) follow from Corollary 2.4(2). The statement (3) follows 
from Proposition 2.8 and Lemma 2.l/the stability (iii). 0 
In particular, we have (s’, Sy, . . . , St) zz (s, S1,. , St). 
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2.3. Injinite coordinates and strong universality 
We will use the following facts and notations. A map f : X + Y is said to be closed 
over B c Y if for every y E B and every neighborhood U of f-‘(y) in X there exists 
a neighborhood V of y in Y such that f-‘(V) c U. 
Fact 2.11 [4]. Let Y be an ANR. 
(i) Suppose F is a closed subset qf Y and 24 is an open cover of Y \ F such that 
diam U < d(F, U) (U E U). Zf g, g’ :X + Y are maps such that g = g’ over F 
and (g:g’) < 24 over Y \ F (that is, g-‘(F) = g’-‘(F), g(g-l(F) = g’/gmj(F) and 
(!A-‘(Y\F) 3 .&(Y\F)) < U), then g is closed over F iff so is g’. 
(ii) Suppose K is a closed subset of X and f : X + Y is a map such that f 1~ : K + 
Y is a .strong Z-embedding. Then for every open cover V of Y there exists a map 
g: X -t Y such that fj~ = g/k-, g(X \ K) c Y \ g(K), g is closed over g(K) and 
(f, g) < V. Furthermore, if A c Y has the h.n. complement, then we can take g so that 
g(X \ K) c A \ g(K). 
We denote the projections by 7ry : Y x s -+ Y and by the same notation TA : Y x s + 
s(A) (A c W). For A(n) = { 1,. . . ,n}, we simply write 7r,4cn) as 7rn. A subset V 
of Y x s is said to be n-basic [19] if it is of the form V = W x s(c(A(n))), where 
1% is a subset of Y x s(A(n)). Note that (i) if V is n-basic and U,V E Y x s with 
(7Q,.n,)(rL) = ( rrlr: n,)(v) then u E V iff v E V, (ii) if V, VI, Vz are n-basic, then 
cl V, Int V, VI U V,, Vl n I$ and VI \ Vz are also n-basic. 
Proof of Proposition 2.8. Suppose (X, Xi,. . . , Xl) E M, K is a closed subset of X, 
S : X 3 Y x s is a map such that f 1~ : K 3 Y x s is a Z-embedding, and U is an open 
cover of Y x s. We must construct a Z-embedding g : X + Y x s such that f IK = glK, 
g-‘(YL x S,) \ K = Xi \ K (1 6 i < 1) and (f,g) < U. Since J$ x S’l has the h.n. 
complement in Y x s by (H-2) and every Z-set of the s-manifold Y x s is a strong Z-set, 
by Fact 2.1 l(ii) we may assume that f (X \ K) C I$ x Sl \ f(K) and f is closed over 
f (k-1. 
Take an open cover V of Y x s \ f(K) which refines Z4 and consists of basic open 
subsets V of Y x s such that diamV < d(l/; f (K)). By [19, Lemma 5.21 there exists 
a closed cover { K,},>i of Y x s \ f(K) such that K, is an n-basic closed subset of 
Y x s and h;, c (Int K n+ I ) n V,, where V, = U{ V E V: V is n-basic}. In fact, since 
r/;, is an n-basic open subset of Y x s, we can write V, = UI, K,,k, where K,,I, is an 
n-basic closed subset and Iljn.k c IntKn.k+,. Set K, = U,“=, Kj,,. Let 
L7, E K, \IntK,,_i c IJV~ = (V, nIntK,+i) \Kn--2 (71 3 1). 
where Ka = K-1 = 0. Let A, (n > 1) be as in the condition (11-3). Replacing A, 
by A,+,. we may assume that min A, > n + 1 (n 3 1). Let A0 = c(lJ, A,). By the 
definition of M. for each n 3 1 there exists a Z-embedding h, : X + s(A,) such that 
&‘(,$(A,,)) = Xi (1 < i < 1). For each n 3 1 we take a map CY~ : Y x s + [0, I] such 
thata,(L,)=landcu,,(Yx,s\~;,)=O.Wedetinethemapg:X~Yxsby 
1 
(nY,rA,,)g = (nY;rA,,)f> 
nA,,g(x) = w,,(f(~))hn(~) + (1 - %(f(x)))rA,L.f(z) for each 7~ > 1. 
We must verify that g satisfies the required conditions. 
(1) First we will show that g]K = f]~, g(X \ Ii’) C Y x s \ f(K), g-‘(L,,) = 
f-‘(L) and (dX\K, h/K) < V, hence (g. f) < U. Since K n f-’ (Wn) = 8, it 
follows that r&g]K = nA,,f(~ for each n 3 1, hence g = f on K. If f(z) $ htK,,-I, 
then r&g(2) = rA,f(z) (1 < k < nr ~ 2) since f(z) $! IV,, and also (TY, n-~,,)f(z) = 
(STY, TA,,)g(Z), hence (~Y.~~,,)~(z) = (~Y~T~,~ )f(z) since A(m) c lJTzo2Ak. Since 
L,, K, and Int K, \ Int K,,_l are It,-basic, it follows that if f(z) E L, (respectively 
f(z) 6 K,, f(z) E Int K,, \ Int K- , or f(z) E IntK,,_t) then so is g(z). This implies 
g-‘(LT1) = f-‘(L,). S’ mce L,, c V,, if f(z) E L,, then there exists an n-basic V E V 
such that f(z) E V. By the same reason, g(z) E V. Therefore (g]X\K,f]X\K) < V, 
which implies g(X \ K) c Y x s \ f(K). 
(2) Next we will show that g is a Z-embedding into Y x s. Since 7r&g]S-I(L,,) = 
h,L]fml(Ln) is a Z-embedding, g]fml(L,,) is also a Z-embedding. Since {L,} is a locally 
finite closed cover of Y x s \ f(K) and each g(fml(Ln) : f-‘(Ln) 3 L,, is a closed 
embedding, it follows that glXiK : X \ K + Y x s \ f(K) is a closed embedding. Since 
f is closed over f(K) and (g: f) < V over Y x s\f(K), by Fact 2.1 l(i), g is closed over 
f(K). Hence g is itself a closed embedding. Finally g(X) = f(K) U (U, g(fp’(L7,))) 
is a closed C-Z-set and hence a Z-set. 
(3) It remains to show that 
g-‘(Y,xSi)\K=X,\K (l<i<l). 
Suppose 2 E Xi n f-‘(KT1). Since j”(X \ K) c Y 1 x Sl c Y, x S,, it follows that 
ryg(z) = TY~(Z) E K nAl.f(z) E St(&) (1 < Ic < 7~ + 1) and 
?( u;=‘: Ak) f(X) ’ ” 
(C( g Ag. 
Since hk(z) E Si(Ak) and $(A .) ‘j I, 15 a convex subset of s(Ak), it follows that 7rAk g(z) E 
Si(Ak) (1 < k < n + 1). Since p(z) $ lI;k (x7 3 n + 2), we have rrA,+,g(z) = 
Q,+,j-(2) (k 3 7~ + 2). Also TA&(z) = rA,,f(z). Hence 
Since 
S, = $(A,) x . x Si(An+,) x Si (QAk)). 
wehaveg(z) E Y,xS,.Ontheotherhand,ifz E fp’(Ln)\Xi, thennA,>g(z) = h,(z) $! 
Si (ATL), from which it follows that g(z) 4 Y, x Si. This completes the proof. 0 
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3. Infinite-dimensional manifold triples 
In this section we investigate the properties of (s, C, a)-, (s*, s x 0, c*)- and 
(s30, g30, a?)-manifold triples. Since the class M for these manifold triples are eas- 
ily identified, we obtain the simple characterizations of these manifold triples, Theorems 
1.1-1.3. 
3.1. (s, C, a)-manifold triples 
The triple (s, C, a) satisfies the condition (II). Therefore Theorem 1.1 follows from 
Theorem 2.9 and the next proposition. 
Proposition 3.1. The class M(s, C, o) coincides with the class M of all triples 
(X, XI, Xl) such that X is completely metrizuble, XI is u-compact and X2 is a-fd- 
compuct. 
For the proof of this proposition we need some preliminary lemmas. First we recall 
some facts on h.n. sets and (fd) cap sets in a Q- (s-) manifold M: 
Fact 3.2 [5,24]. If N is an ($4 cup set of M and X is a a-(fd)-compact u-Z-set in M, 
then for every open cover 2.4 of M there exists a homeomorphism h : M + M such that 
h(X) c N and (h,idhf) < 24. 
Let sp = {(x~) E P’: SUP~,~ ](cE~~)~] < oo}. Below we will use the fact that 
(Q=-> s=; SF, a?) ” (Q, s, Up, g) under any coordinate change W* % IV. 
Lemma 3.3. (Mapping sepurution) 
(i) Suppose (X, A, B) IS a triple such that A is F, and B is closed in X. 
(a) There exists a map Q :X + s such that o-‘(o) = A and CC’ (0) = B. 
(b) There exists a mup 0: X + s such that ,8(A) c o and p(X \ A) C s \ C. 
(ii) Zf (X, X1, X2) is a triple such that both XI and X2 are F, in X, then there exists 
umupy:X+ssuchthuty-‘(C)=XI andyP’(a)=X2. 
Proof. (i) We can write A = Ui Ai, where A, is a closed subset of X, Al = B and 
Ai c Ai+‘. (a) For each i > 1 there exists a map ai : X + (-co, 00) such that 
oi’ (0) = Ai. Then o = (ox) : X + s is the desired map. (b) For each 71 3 1 there 
exists a map ,& : X + o such that p,;‘(O) = A,. Since c has the h.n. complement and 
L-n, nl O” is a Z-set in s, CT \ [-n, nloo also has the hn. complement in s. Hence we can 
arrange so that /?,(X \ An) c c \ [-n, n]=. Let p = (p,): X + s”. If z E A,, then 
pk(z) = 0 for k 3 n, so /J(x) E 07. If I(: E X \ A, then pn(x) $ [-n,nlm (n 3 1). 
This means that P(x) $4 sr. 
(ii) By (i-a) there exists a map o : X + (- 1, 1)03 C C c s such that CC’ (0) = 
a-‘((-1, l)?) = X2. By (i-b) th ere exists a map ,0: (X,X’) --t (s, a) such that 
p-‘(C) = X’. Then the map y = (a,@): (X,X1,X2) + (s2, C*,C?) 2 (s, C,g) 
satisfies the required conditions. 0 
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Lemma 3.4. (i) Suppose X is a spuce and (Y, d) is a complete metric space. If a 
sequence of maps fn: X + Y (n > 1) converges to a closed embedding f : X + 
Y uniformly (i.e., d(fn,f) + 0 with respect to the sup-metric), then the map F = 
(fn):X + Y rx, is a closed embedding. 
(ii) For any integers m(n) > 1 (n > 1) there exist maps p, : s --t s (n > 1) such 
that 
(4 TJ~(~) C 6 p;‘(O) = [-n,nl m(n) x (0) und p, maps s \ ([-n, r~]~(~) x (0)) 
homeomorphically onto s \ {0}, 
(b) the map p = (pn) : P + s cu is a closed onto map and p(sr) c SF. 
Proof. (i) First we will show that F is injective. If F(z) = F(y), then fi(z) = f,(y) 
for each i > 1. Taking limit, we have .f(z) = f(y). Since f is injective, it follows that 
z = y. To see that F is a closed map, let xk (Ic > 1) be a sequence of points in X such 
that F(.‘c~) = (fi(xk)) + (yi) (Ic i ,DJ). Then {f(zk)}k is a Cauchy sequence. In fact, 
for every E > 0 we have d(f,,, f) < &/3 for sufficiently large m. Since fm(zk) + ym, 
there exists Ic 3 1 such that d(fm(zk), fm(ze)) < ~/3 for any e > k. It follows that 
d(.f(zk), f(xe)) < d(f(Zk), fns(zli)) + d(_f,,(zk)> f,(ze)) + Kf,(se), f(xe)) < E. 
Since (Y, d) is a complete metric space, f(zk) converges to a point y E Y. Since f is a 
closed embedding, there exists a unique point ZE E X such that zk + J: and f(x) = y. 
This implies that F is a closed map. 
(ii) For each n > 1 there exists a homotopy & : [-co, CXJ]~(~) + [-co, CG]~(~) such 
that 
(a) ]&(x)i] < (xi] (1 < i < m(n)) and & = id on [-oc, CO]~(~) \ (-co, co)“cn), 
(b) & (0 < t < 1) are homeomorphisms, 
(c) 4;’ (0) = [-n, n]7n(n) and 41 maps [-co, co]m(rL)\[-n, n]m(n) homeomorphically 
onto [-00, oc]m(7L) \ (0). 
Take a map 
o!: n [-03, CKJ] i [O, l] 
e>m(n) 
such that o-‘(l) = (0) and define p, : Q + Q by pn(x, y) = (4(z,cy(y)),y) for 
(x, y) E Q = [-cc+ c@) x ni>,m(nJ[-ce, oo]. Then p;‘(s) = s and p,], satisfies the 
condition (ii-a). We also have ]pn(z)i] 6 ]zi] (z E s, i 3 1). Let p = (pn) : Q” + Q”. 
It follows that p-’ (P) = So and the restriction p : sco + so0 is a closed map which 
satisfies the condition (ii-b). 0 
Lemma 3.5. For each (X, XI, X2) E M there exists a closed embedding 
G : (X, XI, X2) + (3, C, a). 
Proof. (1) Let g : X + s be any Z-embedding. Since g(Xt) is a a-compact a-Z-set in s, 
by Fact 3.2 there exists a homeomorphism h : s += s such that hg(Xt) C C. Therefore we 
obtain a closed embedding f = hg : (X, Xi) + (s, C). Since C = Un[-n, nloo, we can 
write Xr = Ur=‘=, A, so that each A, is compact, A, c An+1 and f(An) c [-n,nlm. 
Then we can write X2 = U,“=, B, so that B,, is fd-compact, B, c Bn+, and B, C A,. 
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(2) For each R 3 1 there exists a map gn : X + s such that 
(i> g,(A,) c [-l,llO” and gnlA,, : A, + [ - 1, I]Oo is an embedding, 
(ii) gn(Bn_r) c [-1, l]e(n)x{O} f orsome! 3 1 andg,(A,\B,_i) c [-1, I]=\ 
([-I, l]+) x (0)) 
(iii) gn(A, n X2) c [-1, 117. 
In fact, gn can be obtained as follows: Since B,-i is fd-compact, there exists 
an embedding e: B,_i + [-1, llecn) x (0) for some e(n) 2 1. Let (M,N, L) = 
([-1, l]E, [-1,117, [-1, l]@) x (0)). Since L is a Z-set of M, there exists a 
Z-embedding g : A, + M such that g]n,_, = e and g(An \ B,-I) c M \ L. 
Let 24 be an open cover of M \ L such that diam U < d(U, L) (U E 24) and let 
(YI, y2) = (An \ &-I, (An n X2) \ S-I). S’ mce g(Y2) is a o-fd-compact a-Z-set 
of M \ L and N \ L is an fd cap set of M \ L, by Fact 3.2 there exists a homeo- 
morphism h: M \ L + M \ L such that hg(Y2) c N \ L and (h, id) < Z4. Define 
a map gA:An + [-1, llw by L7AlBnmI = e and g~IA,\B,_, = b Then g:, is a 
(continuous) embedding and gk(An 0 X2) c [-1, 117, gL(E&_i) C [-I, llecn) x (0) 
and g6(An \ &__I) c [-1, 11” \ [-1, l]e(n) x (0). Let gn : X + s be any extension 
of g:,. 
(3) There exist maps fn : X + s (n 3 1) such that 
(9 d(fn, f) < l/n, fn(X \ A,) c c \ L-n, nlm and fn(An n X2) c C. 
(ii) f,(A,) c [-i, i]" (1 6 i < n) and fn(A,, : A, + [-n, nloc is an embedding, 
(iii) fn(B+r) C [-TL,TL]~(~) x (0) for some m(n) 3 1 and fn(A, \ Bn_l) c 
l-n! np= \ (1-T 4 4%) x {0}), where d is a suitable complete metric of s and & = 8. 
First we define the map fn :X + (-a, cm)= x s f s by fn(z) = (x~~(cE), gn(z)), 
where m 3 1 is sufficiently large so that d(fn, f) < l/n. (ii) Then fn IA,, is an embedding 
by (2-i), and since f(Ai) c [-i,ilW, we have fn(z) = (7rmf(z),gn(z)) E [-i,i]” x 
[-1, l]o= c [-i,i]W f or each IC E A, (1 6 i < n). (iii) If z E &_r. then 7rmf(s) E 
[-n,n]” and gn(lc) E [-1, l]e(n) x {0}, hence fn(z) E [-n,n]m+l(n) x (0). If 2 E 
A, \ B,_l, then gn(s) E [-l,l]” \ ([-1, llecn) x {0}), hence f%(z) E [-n,~]~ \ 
([-n, n]m+e(n) x (0)). (i) By (2-iii) we have fn(An n X2) c C. Since 0 \ [-n, n]O” has 
the h.n. complement in s by Fact 2.5(i), we can modify fn without any change on A, 
so that fn(X \ A,) c o \ [-n, TL]~. 
(4) Let F = (fn) :X + P. By Lemma 3.4(i), F is a closed embedding. Moreover 
we have F(XI) C sr. In fact, if z E Ak \ Ak-i, then fn(z) E 0 (n < k) and fn(z) E 
[-k, IclD” (n 3 k) by (3-ii). Let p: sm + so0 be the closed map given by Lemma 3.4(ii). 
Thus we have the closed map G = p o F = (pnfn) :X + so0 such that G(X,) c SF. 
To see G(X2) c a?, let z E Bk. For each 72 > k we have fn(z) E [-r~,n]~(~) x (0) 
and so pnfn(z) = 0. Since pJn(s) E c for every n, we have G(z) E of”. It remains 
to show that G is injective. Suppose x,y E X and x # y. We will show that there 
exists n 3 1 such that (a) fn(z) # In(y) and (b) fn(~) $ [-n,n]nt(n) x (0) or 
fn(y) 6 L-n, nlrnCn) x (0). Then by the choice of p, we have p,f,(s) # p,f,(y), so 
G(x) # G(Y). I n case x, y E X2, we may assume that x E B, \ B,_, and y E B,. By 
(3-ii, iii) we have fn(x) # fn(y) and fn(x) $ [-n, nlrncn) x (0). In case x $ X2, since 
F is injective, we have fn(x) # fn(y) for some n 3 1, and since x $ B,_, , we have 
.fn(x) 6 [-T$ m(n) x (0) by (3-i. iii). The case 71 6 X2 is similar. This completes the 
proof. 0 
Proof of Proposition 3.1. Let (X. Xi. XZ) E M. By Lemma 3.3 there exists a map 
cv : X + s such that o-’ (C) = Xl and cy-’ (a) = X2. By Lemma 3.5 there exists 
a closed embedding G: (X.Xi,Xz) + (s, E,n). Then f = (G,cY): (X,x1,x2) + 
(& c*, 02) Z (s: c, ) g IS a closed embedding and f-‘(C) = X1, f-‘(a) = X2. This 
implies that (X, X1, X2) E M(s, C, a). 0 
We can also obtain a characterization of (s: C, o)-manifolds based on the strong uni- 
versality. 
Theorem 3.6. A triple (X, XI, X 2 ) ‘: i \ un (s, C, a)-manifold triple iff 
(i) X is an s-manifold, XI is a-compuct and X2 is a-fd-compuct, 
(ii) (Strong universality) (X, XI) X2) is strongly* (s, C, a)-universal (or strongly* 
(Q, C, a)-universal). 
Proof. Let C, (respectively FC,) denote the class of spaces which are a-(fd)-compact. 
These classes are topological and closed hereditary. In general, if (Y, Yi: . . , x) is 
strongly(*) (X, Xi, . . , XI)-universal and A is a retract of X then (Y, Yi, ,x) is 
also strongly(*) (A, Al,. . , A,)- , universal. Hence we have the following implications: 
S(*k4qs,&) ===+ S(*)u(,,&) (I,, S(*)u(QJ.~) 3 s(*)uJf, 
where S(*)2.4~ denotes the strong (*) M-universality and N = {(Q, A, B): A E C,, 
B E _W,}. The implications (1) and (2) follow from the above observation since Q is an 
AR and by Proposition 3.1 there exist closed embeddings (1) f : (Q, C, a) --t (s, C, a) 
with f-‘(E) = C, f-‘(c) = 0 and (2) g: (Q,A.B) + (s, E,a) c (Q,Z,a) with 
g-‘(C) = A, g-‘(a) = B. 
Therefore, if (X, Xi, XI) is an (R, C, cr)-manifold, then by Theorem 2.9 and Corol- 
lary 2.10(3) it satisfies (i) and S*U~,s,~,D~ (hence S*UCQ,~,~)). Conversely, suppose 
(X, Xi, X2) satisfies (i) and S*U~Q,~,~). Since X is an s-manifold, each point of X 
has an open neighborhood U homeomorphic to s. Then (a) Ui E C,, U2 E 3C,, and 
since Q is compact, (b) (U, U,. U2) satisfies S*UCQ,~,~) and hence S*Z&. The triple 
(s, C, a) also satisfies the same conditions. This means that, in the term of [2], (Vi, U2) 
and (E,a) are (C,,3C,)-absorbing pairs in U E s. Hence by [2, Theorem 8.2(a)] we 
have (U, UI, UZ) ” (s, C, a). 0 
3.2. (s2, s x 0, a2)-manifold triples 
Theorem 1.2 follows from Theorem 2.9 and the next lemma. 
Lemma 3.7. (i) The triple (s2, s x cr. 0”) sutisjes the condition (II). 
(ii) The class M(s2, s x (T, 0’) coincides with the class of triples (X, XI, X2) such 
that X is completely metrizahle, X1 is F, in X and X2 is a-fd-compact. 
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Proof. (i) We identify s with s x s = flNxZz (-cc, cc), where i& = (0, l}. As for (II-3), 
we take an appropriate sequence B, (n 3 1) of disjoint infinite subsets of iV and set 
A,, c B, x & (n 3 1). Then 
(s*(A,), (s x a)(A,), g*(A,)) = (So, 4%) x a(&), G&J*) 
” (s’, s x g, a*> 
and 0 = a(&) x a(c(B,)). 
(ii) Let X be completely metrizable, Xt an F,-subset of X and X2 a a-fd-compact 
subset of XI. Since X2 is a-fd-compact, there exists a Z-embedding Ic : X + s such 
that li(X2) c cr. In fact, if Ice :X + s is any Z-embedding, then /pa is a a-fd- 
compact Z-set of s, hence by Fact 3.2 there exists a homeomorphism Ict : s --t s such 
that ktka(Xz) c n. Define k = ICI ko. Since Xi (i = 1,2) is an F,-subset of X, by 
Lemma 3.3(i) there exists a map cr2. .X + s such that ryi’(g) = Xi. Then the map 
cv = (CQ,CVI) :X + s2 has the property that cy-‘(s x 0) = Xt and ct-‘(a*) = X2. Take 
a homeomorphism 4 : (s x s2, s x (s x o), 0 x CT*) E (s*, s x CT, a2) and define a closed 
embedding h by h = 4(k, a) :X + s x s2 Z s*. 0 
An example of (s*, s x g, a*)-stability appears in the following situation. Suppose 
X is a compact Euclidean polyhedron, A is a subpolyhedron of X and Y is a lo- 
cally compact Euclidean polyhedron. Let 3t(pL)(X: A) = {f E 7-lflpL)(X): f(A) = A}, 
x(X: A;PL(A)) = {f E 74(X, A): f is PL on A} and g(X, Y;PL(A)) = {f E 
E(X, Y): f is PL on A}. 
Proposition 3.8 (Stability lemma). Suppose dim A, dim(X \ A) > 1. Then 
(i) (x(X, A) x s2, %(X, A; PL(A)) x s x o, ‘HpL(X, A) x a2) 
” (x(X. A). ‘N(X, A; PL(A)), xpL(X, A)), 
(ii) (I(X, Y) x s2, I(X, Y; PL(A)) x s x 0, IpL(X, Y) x a2) 
2 (E(X, Y), &(X, Y; PL(A)), IpL(X, Y)). 
Proof (cf. [20]). In order to treat nonprincipal simplices we need a modification of [20, 
Section 11. We regard (s, C, g) as s = (- 1, l)“, 
c = {(%, E (-1,l)“: supIz,/ < 1} 
n 
and 0 = {(cc~~) E (-1, l)Oc: z,, = 0 except for finitely many R 3 1). We take a fine 
triangulation K of X and choose two 1-simplices X c A and p c X \ A. Recall that 
the star and link of X are defined as 
st(X, K) = u {A’ E K: A c X’} 
and 
Ik(X, K) = {X’ l K: X’ c st(X, K), X’ n X = 0). 
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We may assume that st(X, K) n st(p, K) = 0. We can find a sequence of subdivisions 
Ki (i 3 1) of K and a l-simplex Xi of Ki (i 3 1) such that Xi c IntX, st(X,, Ki) f’ 
st(Xj, K3) = 0 (i # j) and the sequence st(Xi, Ki) converges to some point in i (the 
open simplex of X). For each i > 1, take a linear homeomorphism oi : [- 1, l] + X,, 
and using the join structure st( Xi, K,) = Xi * lk(Xi, K,), construct a map 4;, : (- 1,l) + 
3tPL(st(Xi, K,)) such that 
(a) &(lc) = id on ax, x lk(Xf; K,), 
(b) if X’ E Ki and X’ c st(Xi, K,) then +L(z)(X’) = X’, 
(c) &(z)(cri(O)) = cri(z) and &(O) = id. 
Combining these maps, we can define a map 4: (s. 0) + (‘M(X, A), RpL(X, A)) by 
I = &(zi) on st(Xi, K+) (i > I) and 4(z) = id on X\U, st(Xi, Ki). Then (a) 4 = id 
on X \ st(X,K), (b) 4(z)(&) = A, and ~(IL.)(cY~(O)) = a,(~,) (i 3 1). Similarly we 
take 1-simplices CL, (i > 1) in i and linear homeomorphisms ,!?i : [-1, l] + ,ui (i > l), 
and construct the map $ : (s, 0) + (x(X, A), ‘HpL(X, A)). We define a map 
F : (s’, s x c, 0”) --f (?-t(X. A), 2(X, A; PL(A)), 71pL(X, A)) 
by F(z> Y) = $(x)4(~). 
The case (ii): Let p : &([- 1, 11; Y) + [0, co) be the p-length function [lo] and define 
?:I([-1, l],Y) + (-1, 1) b Y th e condition /4fl[-‘.y(f))) = Kfl[r(f),‘l) ]20, Lemma 
1.31. Define a map 
T: (E(X,Y),E(X,Y;PL(A)),EPL(X,Y)) + (s2,s x c+) 
by T(f) = ((~(foi))i, (r(fPi))L). Let &(X,Y)o = T-‘(O,O), 8(X, Y;WA))O = 
E(X,Y;PL(A)) nT-‘(O!O), EpL(X,Y))o = EPL(X:Y) nT_‘(0,O). We define recip- 
local homeomorphisms 
(E(X, Y), E(X, Y; PL(A)), EPL-(X, Y,) 
& (W,Yh x 6 E(X, Y; WA)),, x s x o,EPL(X,Y)o x 2) 
Q 
by p(f) = (f o F(T(f)), T(f)) and Q(f, z) = J’ o F(z)-‘. Since (s2, s x cr, cr2)2 N 
(s2, s x 0, a2), we have the conclusion. The proof of the case (i) is similar. 0 
Note that the homeomorphisms constructed in the proof preserve the path-components 
of 31(X, A) and E(X, Y) since F(z) is isotopic to idx in ‘tc(X, A). 
Lemma 3.9. (i) 3-1(X, A; PL(A)) is F, in x(X, A) und (ii) E(X, Y;PL(A)) is F, in 
E(X, Y). 
Proof. Let F: 31(X, A) + ‘H(A) and G: E(X, Y) + E(A, Y) denote the restriction 
maps. Then ?f(X, A; PL(A)) = F-’ (‘HpL(A)) and &(X, Y; PL(A)) = G-’ (EPL(A, Y)). 
Since 7_IPL(A) and EPL(A, Y) are g-fd-compact [l 11, they are F, in ?-l(A) and E(A, Y) 
respectively, we have the conclusion. 0 
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Remark 3.10. If dim A, dim (X \ A) 3 1, then the triple 
(E(X, Y), E(X, Y; PL(A)), EpL(X, Y)) 
is an (s2, sxcr, a2)-manifold iff (E(X, Y), EPL(X, Y)) IS an (s, g)-manifold. This follows 
Proposition 3.8, Lemma 3.9 and Theorem 1.2. 
As an example we consider the homeomorphisms on a PL manifold which are PL on 
the boundary. 
Corollary 3.11. Suppose M” is a compact PL n-manifold with nonempty boundary, n = 
2,3orn>6,If3C(M) IS an ANR then the triple (‘?f(M)*,R(M;PL(BM))*,3tPL(M)) 
is an (s2, s x o, a2)-manifold, where ?L(M; PL(dM))* = R(M;PL(dM)) n ‘N(M)*. 
Proof. The stability follows from Proposition 3.8(i) and the remark after the proof. 
Therefore the corollary follows from Theorem 1.2. 0 
3.3. (SW, o=. a?)-manifold triples 
A completely analogous argument can be applied to (sw, oo3, CT)-manifolds. Theo- 
rem 1.3 follows from Theorem 2.9 and the following lemma. 
Lemma 3.12. (i) The triple (s”O, P, (~7) satisjies the condition (II). 
(ii> If (X, XI, X2, X 3 ) t LY a quadruple such that X1 is Fgs, X2 is F, and Xx is closed 
in X, then there exists a map ,0: X + so0 such that p-‘(o”) = X,, p-](oT) = X2 
and ,!!-I (0) = X3. A subset A of a metric space X is Fob in X tjjf there exists a map 
p:X + so0 such that /?I?‘(@‘) = A. 
(iii) The class M(sW, oDc), of”) coincides with the class of triples (X, XI, X2) such 
that X is completely metrizable, XI is F,s in X and X2 is o-fd-compact. 
Proof. (i) As for (11-3) we identify s with so0 = nNxN(-co, cc). Take an appropriate 
sequence B, (n 3 1) of disjoint infinite subsets of N and set A, s B, x IV (n 3 1). 
Then (So, Ok, gf”(&)) = (s(&)OO, c(&)~, c(&)T) g (so3, gco, if”) 
and (ooo, 07) = (c(&)~ x a(~(%))~, a(&)? x a(~(&))?). 
(ii) We can write XI = n, A,, where A, is an F,,-subset of X, and X2 = U, B,, 
where B, is a closed subset of X, B1 = X3, B, C Bn+l. By Lemma 3.3(i-a) there 
exists a map pn :X 7‘ sDo such that P;‘(a) = A, and p;‘(O) = B,. Define ,0 by 
P(s) = (P,(z)), E SD=. 
(iii) Let X be completely metrizable, Xi an F,s-subset of X and X2 a a-fd-compact 
subset of XI. By (ii) there exists a map p: X + so0 such that p-’ (coo) = XI and 
0-l (a?) = X2. Let k : X + s be a Z-embedding such that k(X2) c o and let 
4:( SXS~,SX~~,~X~~)N(S~)a~,a~) 
be the homeomorphism defined by c$((z~), (yT1)) = ((zc~, Y~))~, where (z,, yn) E 
(--co, cc) x s = s. The required Z-embedding h is defined by h = 4(k, 0). 0 
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The (sDs, go3, a?)-stability appears in the function spaces with noncompact domains. 
In noncompact case, PL does not imply Lipschitz condition, so we need the notion of 
local Lipschitz. We say that a map f : X + Y is locally Lipschitz if each point 5 E X 
has a neighborhood on which f is Lipschitz. A locally Lipschitz homeomorphism is a 
homeomorphism f such that both f and f-’ are locally Lipschitz. A locally Lipschitz 
embedding is a locally Lipschitz homeomorphism onto its image. Below 3cLrp(X) denotes 
the group of locally Lipschitz homeomorphisms on X and EL”(X, Y) denotes the space 
of locally Lipschitz embeddings of X into Y. 
Proposition 3.13 (Stability Lemma) (cf. [20]). Suppose X und Y are noncompact lo- 
cally compact Euclidean polyhedra and X contains infinitely many 1-simplices. 
(9 (WX) x see, VP(X) x C”,W(X) x P,RF(X) x 07) 
” (?-l(X), 3cLIP(X), RPL(X), g/(X)); 
(ii) (Z(X,Y) x soD, EL’P(X,Y) x C”,&PL(X,Y) x cF=) 
Z (E(X, Y), &L’P(X, Y), EPL(X, Y)). 
Proof. We use the same notation as in [20, Section l] (cuj, BT_, [, 7, etc.) and regard 
(s, c, a) as in Proposition 3.8. By the assumption X contains a countable discrete col- 
lection {Ci}i,w of principal simplices with 1zi z dim C, 3 1. Take linear embeddings 
,& : By’ + Ci (i E N) and let gr.j = /?icrj E EpL( [- 1, 11, X) (i, j E N). Define a map 
F: (sDS,CM,am > a?) + (~(n~L1p(x), ItlPL(X), qL(x)) 
by 
F(z)1 fl,(B;e) = P&K’ and F(z)lx,(U,,nP*(B;“)) = id. 
The case (i): Define a map 
T: (Ifl(X),31L’p(X),ZpL(X),71~(X)) + (s~,C~,P,G~) 
by T(f) = ((+gi,j)).&irw). Th e d fi ‘t’ e m ions of the product topology and the compact- 
open topology just fit to yield the continuity of the maps F and T. Let R(X)0 = 
T-‘(O), %L1p(X)0 = x”‘(X) n T-‘(O), ZpL(X)o = xpL(X) n T-‘(O), ?tFL(X),, = 
‘?-lFL(X) n T-’ (0). The required reciprocal homeomorphisms 
(X(X), ZLiP(X), ZPL(X), NIL(X)) 
& (R(X), x s”,7+‘P(X)0 x Co”,VL(X)0 x o”,RF(X)u x a?) 
Q 
are defined by p(f) = (f o F(T(f)),T(f)) and Q(f, z) = f o F(z)-‘. These im- 
plies the conclusion since (So, C”, cF,~T)~ g ((s~)~, (C2)-, (u~)~, (o’)?) % 
(s”, coo,crDc), +‘). The case (ii) is similar. 0 
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Note that these homeomorphisms also preserve path-components. We proceeds to the 
proof of Corollary 1.6. First we list some general facts. 
Lemma 3.14. Suppose X and Y are Euclidean polyhedra. 
(i) EPL(X, Y) is FCs in E(X, Y). 
(ii) ELtp(X) and ‘H’“(X) are F06 in 31(X). 
(iii) [ 11,201 ?I!:‘~ (X) is a-cornpact and Z:L(X) is a-fd-compact. 
Proof. We can write X = U,“=, X,, where each X, is a compact subpolyhedron of 
X and X, c IntX,+t The assertions follow from (a) CLrp(X,, Y), E”‘(X,) are 
c-compact [20] and (b) CPL(Xn, Y), EPL(XT1, Y), ZpL(Xn) are a-fd-compact [ll]. 
For example, as for (ii), consider the maps 4n, T/J, : R(X) i C(X,, X) defined by 
+n(f) = fix,, T,!I~(~) = f-‘Ix,. It follows that 7-IL”(X) = n,(&‘(CLTP(Xn,Y)) fl 
$;‘(CL”(Xn, Y))) is FCs in x(X). 0 
Since ?f+(Iw) % 3t+([- co, co]) E s [1,15], Corollary 1.6 follows from Theorem 1.3. 
Corollary 2.10(l), Proposition 3.13, Lemma 3.14 and the next lemma. 
Lemma 3.15. X~L(R) has the h.n. complement in R+(R). 
Proof. Since Iw is PL-homeomorphic to (- 1, l), it suffices to show that ‘?ttl,‘“( (- 1, 1)) 
has the h.n. complement in %!+((- 1, 1)). S ince Zp( [- 1, 11) has the h.n. complement 
in 3-1+([-1, 11) [12], there exists a homotopy &:x+([-1, I]) + ‘U+([-1, I]) such 
that 40 = id and &(3c+([-1, 11)) c ItlTL([-l, 11) (0 < t 6 1). Define a homotopy 
tit :z+([-1,111 + 3t+([-1,11) by 
Finally define a homotopy ht : Z+ (( - 1, 1)) + Z+((-1, 1)) byht(f) = $w#d?)I(-~,~~~ 
where f denotes the canonical extension of f onto [- 1, 11. Since I+!I,~(‘?-L~~([-~, I])) C 
31yL([-1, l]), it follows that h,(x+((-1,l))) C ItlFL((-l, 1)) (0 < t G 1). 
For the subgroup ?ty’(lR) we have: 
Corollary 3.16. (i) (a) (s2, _E x 6,~~) E (s, C,g) and (b) (s”, C”, 07) % 
(SW, 000, a?). 
Proof. (i) The stability (s2 x s, C x o x C, n2 x 0) E (s’, C x CT, 02) follows from 
(s2, C2, cr2) 2 (s, C, c). H ence the statement (a) follows from Theorem 1.1 and Corollary 
2.10(l). The statement (b) follows from Theorem 1.3 and Corollary 2.10(l) once we 
show the stability (sco x soo, CO” x ~O”,a~ x 07) 2 (s~,J?‘,uT). By (a) we have 
a homeomorphism 4: (s2, C x CT, c2) E’ (s, C, a). Replacing q5 by q5 - 4(0,0), we may 
assume that +!J(O, 0) = 0. It follows that 
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(ii) The assertion follows from Theorem 1.3, Lemmas 3.14-3.15, Proposition 3.13 and 
(ib). 0 
We conclude this section with a remark on the mapping separation of (I + I)-tuples. 
Remark 3.17. (1) Let C be a class of pairs. We define the classes C,, CS and (C, C) as 
follows: (i) C, (respectively C,) is the class of pairs (X, A) which can be written as 
A = U, A, (respectively A = n,, A,) where (X, A,,) E C (n 3 1) and A, c A,+, 
(respectively A, > A,+,), (ii) (C,C) is th e c ass of triples (X, A, I?) such that (X, A), I 
(X, B) E C. We say that a class C of (I + I)-tuples can be separated by maps to an 
(I+ I)-tuple (E, El,. . . , El) if every (X, Xl,. . . ,Xr) ECadmitsamapa:XiEsuch 
thato-‘(E,)=Xi (i= l,...,I).F rom the arguments in Lemmas 3.3, 3.7 and 3.12 it 
follows that if a class C of pairs can be separated by maps to (E, F), then the classes C,, 
Cg and (C, C) can be separated by maps to (E”“, F,“), (E”“, F”) and (E2, E x F, F2) 
respectively, where 
(2) From these observations it follows that if (X, Xi, X2, X3, X4) is a quintuple such 
that Xt is F,s,, X2 is Fo6, X3 is F,, X4 is closed in X respectively, then it can be 
separated by maps to ((s”“)=, (c~~),X, (o”)~, (~7 )y, 0), that is, there exists a map 
Q : X + (s”)” such that N-‘((o”),M) = Xi, a- ((cP’)~) = X2, 6’ ((UT)?) = 
X3, a-’ (0) = X4. In fact, we can write (i) XI = l-l,“=, A,, where A, is Fgs in X, A, c 
A %+I and Al = X2, and (ii) Xs = Ur!, B,, where B, is closed in X, B, c I?,+, 
and Bi = X4. Applying Lemma 3.12(ii) to the quadruple (X, A,, X3, B,), we obtain a 
map (Y, :X + sot such that a;‘(~~) = A,, a;‘(ofM) = X3 and o;‘(O) = B,. Then 
(u = (a,) : x --f (P)‘x; satisfies the required conditions. 
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